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For a uniformly loaded plate (p =

po = constant) the Fourier

VOL. 9, NO. 3

coefficients for the load are
Dmn = 16p./(w¥mn) for m, n = odd

(16)
Pun = 0 for all other mand n
and the deflection is given by
o l6pbt & M}
V= DDA 2 2 (@]
mrL ., Y
sin . sin b a7

where
{na} = a~Um/e)* + yn2(m/c)? + an?
{ B} = (m/c)¥(B/ e + ) + n¥(m/c)%(d/a + vB + 2xw) +
ni(m/c) (@B + af + ¥i + 20¢ + x?) +
n8(m/e)*(v/B + ad + 2¢x) + n¥(a/B + ¢¥?)
¢ = a/b

Solutions for other loadings can be obtained by expanding the
loading in a double Fourier series (11), caleulating ®,.. from
Eq. (13), and substituting into Eqgs. (14) and (15).
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Construction of a Liapunov Function
in the Critical Case

J. R. Wmiss* ano E. Y. Yut
Northwestern University, Evanston, Ill.

N this Note, we present a general method for constructing
a Liapunov function for a linear system governed by the
vector equation

dz()/dt = Aw(l) (1)

where z(t) is a n vector and A is a constant n X n matrix with
distinet and purely imaginary eigenvalues. This system is
Liapunov stable,! since A is a critical matrix as already
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specified. It appears that one does not necessarily have to
construct a Liapunov function for such a system, since the
eigenvalue analysis already answers the question of stability.
Nevertheless, the eigenvalue analysis usually yields various
stable regions in the physical parameter space. If a Liapunoy
function is obtained in a special way based upon a physical
property of the system, it may not be general enough to
represent all the stable regions. The purpose of this Note
is to record a general mathematical method of constructing
a Liapunov function so that the Liapunov analysis will
always be in agreement with the eigenvalue analysis. To
our knowledge, such a method is not found in the literature.

Denote the n distinct eigenvalues of the matrix A by A,
1= 1,2,...,n, and the corresponding eigenvectors by ¢ i.e.,
Ap; = Mips. Introduce the new basis {a:} ',

a=¢1+¢za=¢1—¢z _ P P
1 9 ) G2 2% yrey Yn—t 2 )
_ ¢n—1 - ¢7L
an = 2i (2)
In this new basis, A has the form
0 -\ 0 0 0 0
M 0 0 0...0 0
0 0 —X; 0 0
0 0 N 0 0 0
A =1
0 0 o0 0 0 .~
0 0 0 0 Mt O ®3)
Now, define a function
v(z) = (Bz)Tx )

where B is a symmetric n X n matrix, the superseript T de-
notes the transpose, and the bar denotes the complex conju-
gate. If v(z) is positive-definite and dv(z)/dt is nonpositive
along solutions of Eq. (1), then v(z) is a Liapunov function.?
Upon differentiating Eq. (4) with respect to ¢, it is found that
dv(x)/dt will be nonpositive if B satisfies the Liapunov
equation

ATB 4+ BA = —-C (5)

for a non-negative matrix . One solution to Eq. (5) written
in the basis defined in Eq. (2) is that B equals the identity
matrix and C equals the zero matrix, since A as given in Eq.
(3) is skew-symmetric. Then the Liapunov function becomes

v(x) = xT% (6)

where z is in the basis {a,}5.

The foregoing method can be used in the stability analysis
of some dynamical systems. In particular, we will now apply
it to the classical stability problem of the attitude motion of
a satellite orbiting a spherical Earth in a circular orbit at a
constant angular speed @ with no disturbing torques. Such
a problem was first studied by Lagrange,? in recent time by
DeBra and Delp,? and by others. Let the Earth pointing
rotating coordinate system be denoted by O-X,X»X;, where
0X, is along the outward local vertical, 0X; is in the direction
of the orbital velocity, and 0Xj; is normal to the orbital plane.
Let O-z,x15 be the body coordinate system along the principal
axes of the satellite. The orientation of the body coordinate

system is obtained by a series of counter-clockwise rotations:

first of an angle 6 about the 0X; axis, then of an angle 8,
abput the OX ’? axis, and finally of an angle 8; about the Oz
axis. In the linearized equations of motion, which were first
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obtained by Lagrange, the equation for the pitch angle 6; is
decoupled from the equations for the yaw and roll angles 6,
and . DeBra and Delp found by means of eigenvalue
analysis of the linearized equations that the motion is stable if
the satellite has either the configuration, Is > Iy > I, or the
configuration I, > Iy > Is, where I, I;, and I3 are the mo-
ments of inertia of the satellite about the O-zy2szs axes, re-
spectively. These two configurations correspond to the
Lagrange and Delp regions,? respectively, in the kik.-param-
eter space, where by = — (Io — I;)/Iiand ks = — (Iz — I1) /1.
It can be shown that the Hamiltonian of the system is a
Liapunov function for the Lagrange region but not for the
Delp region. The Lagrange equations for the roll and yaw
motions can be transformed to a fourth-order system of the
form of Eq. (1) on the vector x = (6,0,,6,6,")” with the con-
stant matrix A being 1 = d/d ()

0 1 0 0
‘= 4ky 0 0 — (ke + 1)
0 0 0
0 A—-k) —k 0 )

The eigenvalues of this matrix A are
M= {31 — 3k — kiks) —

LA — 3ky — kiks)? + 16k:iko]V2}Y2, — N
N = {51 — 3ky — kiko) +

LI(1 — 8k — kiko)® + 16kika]¥2}12 — Ny
In terms of the parameters b and ¢ defined by

b= (4ky — N¥/(ke + D and ¢ = 4k — M/ (ke + 1)

the eigenvectors of A in Eq. (7) are

)

1 1

)\1 - x3 -
¢ = c/)\1’¢2=¢1’¢3= b/)\3’¢4=¢3

¢ b

and the elements of the new basis a;, ¢ = 1-4, are the combi-
nations given in Eq. (2). The vector z is then written in the
new basis. According to Eq. (6), the Liapunov function
for the fourth-order linear system governing the roll and yaw

motions is
. . —b00; + 61\?
0(01,01,02,02) = ( Q(C — b) ) +

—ibMBs + TQN 20, \2 <0902 — 6\2
( Qlen? = BN ) e - b)) +
(ic)\302 — iQ)\12)\301>2 ©
TN — B

As a check, it can easily be shown that dv(z)/dt is zero. It
should be noted that this form of »(z) is obtained from the
fact that A\, and A; are pure imaginary, as required to begin
with. Thisis true if 1 — 3k — kike > 0, kike < 0, and (1 —
3ks — kiks)? + 16kiks > 0. Since these inequalities, together
with that required for the stability of pitch motion, are just
those that define the Lagrange and Delp regions of the
parameter space, the function given in Eq. (9) is a Liapunov
function for both of these regions.
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